Polymerized membranes or solidlike elastic sheets are studied by scaling arguments and Monte Carlo simulations. We find that the roughness exponent i, has the value f = 7 while previous simulations gave [=0.64Â±0.04 Our data are consistent with a finite value of the shear modulus on large scales. We also find a pronounced crossover from fluidlike behavior with f = 1 on small scales to solidlike behavior with C= $ on large scales. This crossover should be observable in experiments on the flickering of red blood cells. Polymerized membranes are two-dimensional sheets of molecules with a fixed connectivity such as, e.g., protein networks of biological membranes or bilayers of polymerized lipids.'v2 Recently, a substantial amount of theoretical work has been devoted to such membranes. 3 1 2 First, self-intersecting "phantom" membranes have been studied which can exhibit crumpled states.3 Real membranes cannot self-intersect, however, and this constraint of self-avoidance prevents crumpling at all temperature^.^"^ The uncrumpled state of a polymerized membrane still exhibits interesting scaling properties: For a membrane segment of linear size L, the transverse displacements have a typical amplitude governed by the roughness exponent i,. One may then introduce a scaledependent bending rigidity which grows as -L"', with n,r =2 -2~. "* Likewise, the shear modulus behaves as
PACS numbers: 64.60.Fr, 05.40.+j, 82.70.-y Polymerized membranes are two-dimensional sheets of molecules with a fixed connectivity such as, e.g., protein networks of biological membranes or bilayers of polymerized lipids.'v2 Recently, a substantial amount of theoretical work has been devoted to such membranes. 3 1 2 First, self-intersecting "phantom" membranes have been studied which can exhibit crumpled states.3 Real membranes cannot self-intersect, however, and this constraint of self-avoidance prevents crumpling at all temperature^.^"^ The uncrumpled state of a polymerized membrane still exhibits interesting scaling properties: For a membrane segment of linear size L, the transverse displacements have a typical amplitude governed by the roughness exponent i,. One may then introduce a scaledependent bending rigidity which grows as -L"', with n,r =2 -2~. "* Likewise, the shear modulus behaves as -L ' " Â ¥ with nu =4^-2.'
Recently, Monte Carlo (MC) and molecular-dynamics simulations have been performed in order to determine the value of & In these simulations, a triangular network of "balls" connected by "tethers" was studied which gave the value <=0.64 k 0.04. ['-I2 Here, we also report results of MC simulations but for the continuum model of a solidlike elastic ~h e e t .~' '~ The latter approach has been previously applied to fluid membranes. l 4
Our results are as follows. First, scaling arguments give (i) the lower bound L>. 7 for the roughness exponent, and (ii) the value ^= 7 for zero bending rigidity, K=O, provided the model is well defined in this limit. We then present extensive M C simulations which reveal, that the limiting value <= 7 applies, in fact, to polymerized membranes for general K>. 0. Obviously, this value is very different from the values i,=0.64 k 0.04 obtained for tethered networks. We show that this discrepancy arises from a pronounced crossover: For relatively large bending rigidity or relatively small shear modulus, the small-scale excitations of the membrane are characterized by (= 1 as for fluid membranes, I 5 9 l 6 and one has to probe undulations beyond a certain crossover scale in order to see the true asymptotic behavior with (= i.
Thus, the values for C, obtained from previous simulations of tethered networks represent effective exponents which reflect this crossover.
Our results have important consequences: (i) The partial resummation of perturbation theory performed by Nelson and peliti7 gives, in fact, the correct value of t.. This is quite unexpected. (ii) The value C= 7 implies that the critical exponent r\u for the shear modulus is zero since nu =4^-2 as mentioned. In such a case, the shear modulus could still vanish with a weak logarithmic scale dependence. However, our data do not give any indication of such a logarithmic behavior and thus are consistent with a finite value of the shear modulus on large scales. (iii) We estimate that the crossover between fluidlike and solidlike behavior can be studied in experiments on the flickering of red blood cells; 17'18 On length scales which are large compared to the mesh size of the polymerized network, the membrane can be viewed as a thin solidlike elastic sheet. Its configurations are then described by two lateral displacement fields, ul and 242, and a transverse displacement field, I, which depend on the coordinate, x = (xl,x2), of a planar reference state. The strain tensor ui, is then given by l 3 with 9, = 8/9xj and i, j = 1,2, and the elastic energy has the form where K, KA, and , u are the bending rigidity, modulus of area compressibility, and shear modulus, respectively. In addition, we include an external potential V(l) which confines the shape fluctuations of the membrane. Thus, we consider the effective Hamiltonian for the membrane displacements, where a small-scale cutoff a is implicitly contained. One may now perform the partial trace over the phononlike fields, ul and u2, and obtain an effective Hamiltonian for I alone which depends on p and KA only through the two-dimensional Young modulus,'
In the absence of an external potential, i.e., for V(l) =0, the roughness of the membrane can be characterized by the difference correlation function AC(X) = #x 2c for large x .
(6)
In general, the roughness exponent < satisfies 0 5 <:< 1.
For Y > 0, the amplitude A =Aso can be determined by the following scaling argument. First, introduce the rescaled variable /= (KIT) 'I2/. The Boltzmann factor for / depends, apart from the small-scale cutoff a, only on the rescaled Young modulus + Y T / K~ which has the dimension of (length) * . Quite generally, the amplitude A in (6) should not depend on the small-scale c u t~f f .~ It then follows from dimensional analysis that this amplitude is given by where Bso is a dimensionless coefficient. Obviously, the roughness must decrease with increasing K. It then follows from (7) that f,>. r. Furthermore, if A is finite for K=O, the expression in (7) implies <= in this limit.
For Y=O, the model as given by (2) describes an uncrumpled fluid membrane with C51 and A =Afl -(T/is-)'I2. For finite but small F, the fluctuations are still fluidlike on small scales but become solidlike on sufficiently large scales. This crossover is described by with S ( t 1 ^S s o t 2c for large t and 3)(t) ^S n t for small t. Next, consider the shape fluctuations of the polymerized membrane when confined by the external potential -for 1 5 0 , with a hard wall at l=O. For external pressure, P > 0, the membrane has a finite separation ( I ) from the wall.
As P goes to zero, the membrane unbinds from the wall and8,14,16
Now, the scaling arguments described above lead to the scaling form with Z ( p ) = Zso/p" for small p and Z ( p ) = Zn/p 'I3 for large p.
In the MC work, the spatial coordinate x is replaced by a square lattice with lattice constant a. The membrane configuration is then specified by the dimensionless displacement fields z=l/lsc and y i =~i /~s c~ where lsc and tisc are two scale factors. It is convenient to choose us j a^ (lSJa) and ips, which leads to where 9, represents a suitable discretization of a/8xi.
The discretized effective Hamiltonian % {z,y l , y 2 ] /~ as obtained from (3) and (9) then depends on the dimensionless parameters KIT, K A o = K .~a 2 /~, poEpa2/T, and Po=Pa3/T. Likewise, the rescaled Young modulus is given by ~0 = 4 p o K~o / ( p o + K~o ) =Ya 2 /~. This discretized model has been studied for periodic boundary conditions using a vectorized MC code which is an extension of the code in Ref. 14. This code now performs up to 180 megaflops per processor on a Cray Y-MP computer.
The results of our simulations are presented in Figs. 1-3 and in Table I . In Fig. 1 , the behaviors of (z) and ^,=<(Z-<Z>)~)'~~ are shown as a function of pressure PO (i) for KO=O and (ii) for two small but finite values of KO. Inspection of Fig. 1 shows that the limit of zero K is not singular. Furthermore, the data for ( z ) lead to and thus to <=2yl(l-y ) = 112 in agreement with the scaling arguments.
The range of Po values displayed in Fig. 1 is limited to about three decades by finite-size effects and critical slowing down.I9 A much larger range can be studied, however, for the reduced pressure p = pK5l2/T 2Y 312 =po K#2/y#2 , The symbols are explained in Table I . The straight line has slope -i.
which determines the shape function Z ( p ) in ( 1 1 ) . As shown in Fig. 2 and Table I , our data for different combinations of KO, KAO, and iiy extend over ten decades in the reduced pressure p. The entries in Table I are Fig. 2 , respectively. The tethered networks studied previously are characterized by3 YO =20 and ~0 2 0 . 4 6 which belongs to an intermediate value of 2 0 and, thus, to a p range within the crossover region. Our data do not indicate any confluent logarithmic singularities for this critical behavior; they are therefore consistent with a finite shear modulus on large scales. Inspection of Fig. 2 shows that the data for ( z ) exhibit a pronounced crossover from fluidlike behavior at large p to solidlike behavior at small p. More precisely, these data have the scaling form as given by ( 1 1 ) with y = $, 
with C I = 16 and ~2~0 . 5 3 .
The asymptotic dependence of the membrane separation ( 1 ) on pressure P can now be obtained by minimization of V p i W +Pl.
In Figs. 1 and 2 , we have also displayed the roughness f~ which should behave as $ J . -< z ) for large ( z ) . This is not obvious from Figs. 1 and 2 but it becomes evident in Fig. 3 where the ratio f J z ) is shown as a function of l / ( z ) . Extrapolation to l/<z)=O shows that this ratio has the finite limit ( J z ) +,,=0.18 k 0.03 for large ( z ) . The solid line in Fig. 3 represents the ratio f J . / ( z ) as obtained for fluid membranes with Yo =O. l 4 In this case, ^/(z)=Rg=O.41 Â±O.Ol Inspection of Fig. 3 also shows that the three sets of data corresponding to the last three rows in Table I Table I. ior over the accessible length scales.
Finally, let us consider the flickering of red blood cells, which has been experimentally studied for a long time. In summary, we have demonstrated (i) that polymerized or solidlike membranes are characterized by the roughness exponent <= 7 , and (ii) that they can exhibit a crossover from fluidlike to solidlike behavior which should be observable, e.g., in experiments on red blood cells.
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